Chapter 15
Mining Matrix Data with Bregman Matrix
Divergences for Portfolio Selection

Richard Nock, Brice Magdalou, Eric Briys and Frank Nielsen

15.1 Introduction

If only we always knew ahead of time.... The dream of any stock portfolio manager
is to allocate stocks in his portfolio in hindsight so as to always reach maximum
wealth. With hindsight, over a given time period, the best strategy is to invest into
the best performing stock over that period. However, even this appealing strategy is
not without regret. Reallocating everyday to the best stock in hindsight (that is with
a perfect sense for ups and downs timing) notwithstanding, Cover has shown that a
Constant Rebalancing Portfolio (CRP) strategy can deliver superior results [10].
These superior portfolios have been named Universal Portfolios (UP). In other
words, if one follows Cover’s advice, a non anticipating portfolio allocation per-
forms (asymptotically) as well as the best constant rebalancing portfolio allocation
determined in hindsight. This UP allocation is however not costless as it replicates
the payoff, if it existed, of an exotic option, namely a hindsight allocation option.
Buying this option, if it were traded, would enable a fund manager to behave as if
he always knew everything in hindsight.

Finding useful portfolio allocations, like the CRP allocation, is not however always
related to the desire to outperform some pre-agreed benchmark. As Markowitz has
shown, investors know that they cannot achieve stock returns greater than the risk-
free rate without having to carry some risk [17]. Markowitz designed a decision
criterion which, taking both risk and return into account, enables any investor to
compute the weights of each individual stock in his preferred portfolio. The investor
is assumed to like return but to dislike risk: this is the much celebrated mean-variance
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approach to portfolio selection. More specifically, the investor computes the set of
efficient portfolios such that the variance of portfolio returns is minimized for a
given expected return objective and such that the expected return of the portfolio is
maximized for a given variance level. Once, the efficient set is computed, the investor
picks his optimal portfolio, namely, that which maximizes his expected utility. This
choice process can be simplified if one considers an investor with an exponential
utility function and a Gaussian distribution of stock returns. In that case, the optimal
portfolio is that which maximizes the spread between the expected return and half
the product of variance and the Arrow—Pratt index of absolute risk aversion [23].
Everything goes as if the expected returns were penalized by a quantity that depends
both on risk and risk aversion. Although the mean-variance approach has nurtured a
rich literature on asset pricing, its main defects are well-known [6, 8]. In particular,
it works well in a setting where one can safely assume that returns are governed by a
Gaussian distribution. This is a serious limitation that is not supported by empirical
data on stock returns.

In the following, we relax this assumption and consider the much broader set of
exponential families of distributions. Our first contribution is to show that the mean-
variance framework is generalized in this setting by a mean-divergence framework,
in which the divergence is a Bregman matrix divergence [7], a class of distortions
which generalizes Bregman divergences, that are familiar to machine learning works
([11, 12, 15], and many others). This setting, which is more general than another one
studied in the context of finance by the authors with plain Bregman divergences [20],
offers a new and general setting (i) to analyze market events and investors’ behaviors,
as well as a (ii) to design, analyze and test learning algorithms to track efficient
portfolios. The divergences we consider are general Bregman matrix divergences
that draw upon works in quantum physics [21], as well as a new, even broader class
of Bregman matrix divergences whose generator is a combination of functions. This
latter class includes as important special case divergences that we call Bregman—
Schatten p-divergences, that generalize previous attempts to upgrade p-norms vector
divergences to matrices [13]. We analyze risk premia in this general setting. A most
interesting finding about the generalization is the fact that the dual affine coordinate
systems that stem from the Bregman divergences [2] are those of the allocations and
returns (or wealth). Hence, the general “shape” of the premium implicitly establishes
atight bond between these two key components of the (investor, market) pair. Another
finding is a natural market allocation which pops up in our generalized premium
(but simplifies in the mean-variance approach), and defines the optimal but unknown
market investment. In the general case, the risk premium thus depends on more
than two parameters (the risk aversion parameter and a variance-covariance matrix):
it depends on a (convex) premium generator, the investor’s allocation, the investor’s
risk aversion and the natural market allocation. The matrix standpoint on the risk
premium reveals the roles of the two main components of allocation matrices: the
spectral allocations, i.e. the diagonal matrix in the diagonalization of the allocation
matrices, and their transition matrices that play as interaction factors between stocks.

Recent papers have directly cast learning in the original mean-variance model,
in an on-line learning setting: the objective is to learn and track portfolios exhibiting
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15 Mining Matrix Data with Bregman Matrix Divergences 375

bounded risk premia over a sequence of market iterations [14, 26]. The setting of
these works represents the most direct lineage to our second contribution: the design
and analysis, in our mean-divergence model, of an on-line learning algorithm to track
shifting portfolios of bounded risk premia, which relies upon our Bregman—Schatten
p-divergences. Our algorithm is inspired by the popular p-norm algorithms [15].
Given reals r, £ > 0, the algorithm updates symmetric positive definite (SPD) allo-
cations matrices whose r-norm is bounded above by £. The analysis of the algorithm
exploits tools from matrix perturbation theory and new properties of Bregman matrix
divergences that may be of independent interest. We then provide experiments and
comparisons of this algorithm over a period of twelve years of S&P 500 stocks,
displaying the ability of the algorithm to track efficient portfolios, and the capacity
of the mean-divergence model to spot important events at the market scale, events
that would be comparatively dampened in the mean-variance model. Finally, we
drill down into a theoretical analysis of our premia, first including a qualitative and
quantitative comparison of the matrix divergences we use to others that have been
proposed elsewhere [12, 13, 16], and then analyzing the interactions of the two key
components of the risk premium: the investor’s and the natural market allocations.
The remaining of the paper is organized as follows: Sect.15.2 presents Breg-
man matrix divergences and some of their useful properties; Sect. 15.3 presents our
generalization of the mean-variance model; Sect. 15.4 analyzes our on-line learning
algorithm in our mean-divergence model; Sect. 15.5 presents some experiments; the
two last sections respectively discuss further our Bregman matrix divergences with
respect to other matrix divergences introduced elsewhere, discuss further the mean-
divergence model, and then conclude the paper with avenues for future research.

15.2 Bregman Matrix Divergences

We begin by some definitions. Following [25], capitalized bold letters like M denote
matrices, and italicized bold letters like v denote vectors. Blackboard notations like
S denote subsets of (tuples of, matrices of) reals, and |S| their cardinal. Calligraphic
letters like A are reserved for algorithms. To make clear notations that rely on eco-
nomic concepts, we shall use small capitals for them: for example, utility functions
are denoted U. The following particular matrices are defined: I, the identity matrix; Z,
the all-zero matrix. An allocation matrix A is SPD; a density matrix is an alloca-
tion matrix of unit trace. Unless otherwise explicitly stated in this section and the
following ones (Sects. 15.3 and 15.4), matrices are symmetric.

We briefly summarize the extension of Bregman divergences to matrix divergences
by using the diagonalization of linear operators [16, 21, 25]. Let ¢) be some strictly
convex differentiable function whose domain is dom()) € R. For any symmetric
matrix N € R4*¢ whose spectrum satisfies spec (N) € dom()), we let

Y(N) =Tr (W(N)), W(N) = Zt¢7ka, (15.1)
k>0
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where t,,  are the coefficients of a Taylor expansion of 1, and Tr (.) denotes the
trace. A (Bregman) matrix divergence with generator v is simply defined as:

DyLIN) = $(L) = pN) = Tr (L =NV (N)) (15.2)

where V;,(N) is defined using a Taylor expansion of 9v/0x, in the same way as ¥ (N)
does for v in (15.1). We have chosen to provide the definition for the matrix diver-
gence without removing the transpose when N
is symmetric, because it shall be discussed in a general case in Sect. 15.6. Table 15.1
presents some examples of matrix divergences. An interesting and non-trivial exten-
sion of matrix divergences, which has not been proposed so far, relies in the functional
composition of generators. We define it as follows. For some real-valued functions
¢ and ¢ with ¢ o 9 strictly convex and differentiable, and matrix N, the generator of
the divergence is:

¢ 0 p(N) = p(1)(N)).

Remark that ¢ is computed over the reals. An example of such divergences is of
particular relevance: Bregman—Schatten p-divergences, a generalization of the pop-
ular Bregman p-norm divergences [15] to symmetric matrices, as follows. Take
Yp(x) = |x|P, for p > 1, and ¢p(x) = (1/2)x2/P. The generator of Bregman—
Schatten p-divergence is ¢, o 1), and it comes:

1
dp o Up(N) = = INI7 . (15.3)

We recall that the Schatten p-norm of a symmetric matrix N is ||N||p = Tr (|N|?) 1/”,

with [N| = PvD2PT, and P is the (unitary) transition matrix associated to the (diag-
onal) eigenvalues matrix D. The following Lemma summarizes the main properties
of Bregman—Schatten p-divergences, all of which are generalizations of properties
known for the usual p-norm divergences. Two reals p and ¢ are said to be Holder
conjugates iff p, g > land (1/p) + (1/q) = 1.

Lemma 1. Let p and q be Holder conjugates, and denote for short

Ap=Vy o (A). (15.4)

The following properties hold true for Bregman—Schatten p-divergences:

N, = %va’—z, (15.5)
N1

Tr (NN,) = |N|? (15.6)
p p’

HNq Hp = INJ,, (15.7)
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Dy, o, (LIN) = Dy op,(NgllLy). (15.8)

Proof sketch: (15.5-15.7) are immediate. To prove (15.8), we prove a relationship
of independent interest, namely that ¢, o ¢, and ¢, o 1, are Legendre dual of each
other. For any p and ¢ Holder conjugates, we prove that we have:

—

(Ly), =L. (15.9)
First, (15.5) brings:
- 1 Lo
Ly), = =5 LqlLgl” D (15.10)
%]
P

We consider separately the terms in (15.10). First, it comes:

-~ ||P—2 p—2 | -
”Lq H = | _2L|L|q_2 — TTI. (|L|(q—1)p) P
P ||L||Z » ||L||;P )(g—2)
2—q 1
= e e = e ey (15.11)
-2 lla —
||L||§Ip )q=2) “L”él’ )(q—2)
Then,
p—2 |
I:q|I:q|1’—2 — 72L|L|q_2 72L|L|q—2 _ ﬁLquqp—q—p
”L”Z ||L||Z ”L”((;I )(p—1)
1
(15.12)

=—+ L
—2)(p—1)
”L”((;I )(p—1)
as indeed gp — g — p = 0. Plugging (15.11) and (15.12) into (15.10), one obtains
(15.9), as claimed. Then, (15.8) follows from (15.16).

We discuss in Sect. 15.6 a previous definition due to [13] of p-norm matrix diver-
gences, which represents a particular case of Bregman—Schatten p-divergences. The
following Lemma, whose proof is omitted to save space, shall be helpful to simplify
our proofs, as it avoids the use of rank-4 tensors to bound matrix divergences.

Lemma 2. Suppose that ¢ is concave, and ¢pov) is strictly convex differentiable. Then
VYL, N two symmetric matrices, there exists U, = aL + (1 — a)N with o € [0, 1],

such that:
. (15.13)
X=Uq
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Proof We first make a Taylor—Lagrange expansion on v; there exists a € [0, 1] and
matrix U, = alL + (1 — a)N for which:
X :Ua) ’

)

(15.14)

1 o2
Y(@L) =YMN) + Tr (L —=N)V4(N)) + ETr((L —~N)? @wm

which implies:
¢ o (L)
1
=¢(w<N)+Tr (L-N)Vu(N) + —Tr((L N)? 2w<x>

On the other hand, ¢ is concave, and so ¢(b) < ¢(a) + 8ng()c)‘ (b — a). This
implies the following upperbound for the right-hand side of (15. 14)

)

1 2
+ V5 0p(N) x [Tr (L =N)V,(N)) + 5Tr((L —N)? %w(x)

82
¢(1/J(N) +Tr (L =N)Vy(N)) + Tr ((L —N)? ﬁwm

< ¢ov(N)

)

=¢otp(N) +Tr (L — N)V4 0 p(N)V ;,(N))

2 )
XY=Ua

0
((L N)2Vy 0 p(N) Z5 0 (x)
XzUa)-

Putting the resulting inequality into (15.14) yields:

=¢oyy(N) + Tr (L — N)V¢o¢(N))

Vg o p(N)
+ =

82
Tr((L - N)? V@

¢pot(L) < ¢oh(N) + Tr (L — N)V 40y, (N))

V., o 1)(N 2
+ Mn(@ ~N)? %«/}(x)

x:Ua)

125 Rearranging and introducing Bregman matrix divergences, we obtain (15.13),
126 as claimed. O
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15.3 Mean-Sivergence: A Generalization of Markowitz’
Mean-Variance Model

Our generalization is in fact two-way as it relaxes both the normal assumption and
the vector-based allocations of the original model. It is encapsulated by regular
exponential families [4] with matrix supports, as follows. We first define the matrix
Legendre dual of strictly convex differentiable ¢ as:

N = sup  (Tr (NNT) — Y(N)). (15.15)
spec(N)Cdom(z))

We can easily find the exact expression for ¢*. Indeed, N = V4 (N), and thus
*(N) = Tr (V;‘ (N)NT) — (V' (N)), out of which it comes:

Dy(LIN) = (L) + " (N) = Tr (LNT) = Dy (Vu ) V(L) (15.16)

Let W model a stochastic behavior of the market such that, given A an allocation
matrix, the quantity

wF = Tr (AWT) (15.17)

models the wealth (or reward) retrieved from the Market. In what follows, W models
market returns, and satisfies spec (W) C [—1, +00). The stochastic behavior of the
market comes from the choice of W according to regular exponential families [4]
using matrix divergences, as follows:

Pu(W; ©) = exp (Tr (@WT) — ¢(@)) b(W) (15.18)
= exp (—Dy» (W[ V(@) + ¢*(W)) b(W), (15.19)
where @ defines the natural matrix parameter of the family and (15.19) follows from

(15.16) [4]. Up to a normalization factor which does not depend on @, this density
is in fact proportional to a ratio of two determinants:

detexp(WOT)

Py(W: ©) detexp(¥(@))"

(15.20)

It is not hard to see that the following holds true for p, defined as in (15.19):
Vy (@) = Ey~p, [W], (15.21)
with E [.] the expectation. Equation(15.21) establishes the connection between

natural parameters and expectation parameters for the exponential families we
consider [2]. It also allows to make a useful parallel between Tr (@WT) in the
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general setting (15.18) and w in our application (15.17): while the expectation para-
meters model the average market returns, the natural parameters turn out to model
market specific allocations. This justifies the name natural market allocation for @,
which may be viewed as the image by V! of the market’s expected returns. Taking
as allocation matrix this natural market allocation, (15.18) represents a density of
wealth associated to the support of market returns W, as we have indeed:

pu(W; @) o exp(w”). (15.22)

(15.22) us that the density of wealth is maximized for investments corresponding
to the natural market allocation @, as the (unique) mode of exponential families
occurs at their expectation parameters; furthermore, it happens that the natural mar-
ket allocation is optimal from the information-theoretic standpoint (follows from
Proposition 1 in [3], and (15.16) above).

Let us switch from the standpoint of the market to that of an investor. The famed
St. Petersburg paradox tells us that this investor typically does not obey to the maxi-
mization of the expected value of reward, By~ [wF1[9]. In other words, as opposed
to what (15.22) suggests, the investor would not follow maximum likelihood to fit
his/her allocation. A more convenient framework, axiomatized by [18], considers
that the investor maximizes instead the expected utility of reward, which boils down
to maximizing in our case Ey~p, [U(wT)], where an utility function U models the
investor’s preferences in this framework. One usually requires that the first derivative
of U be positive (non-satiation), and its second derivative be negative (risk-aversion).
It can be shown that the expected utility equals the utility of the expected reward
minus a real risk premium Py,(A; @):

EWNPI;‘) I:U(UJF)] = U(EW"’pv‘; [wF] - Pq/)(A7 @)) (1523)

Cy(A: @)

It can further be shown that if the investor is risk-averse, the risk premium is strictly
positive [9]. In this case, looking at the right-hand side of (15.23), we see that the
risk premium acts like a penalty to the utility of the expected wealth. It represents a
shadow cost to risk bearing in the context of market allocation, or, equivalently, the
willingness of the investor to insure his/her portfolios.

There is one more remarkable thing about (15.23). While its left-hand side aver-
ages utilities over a potentially infinite number of markets, the right-hand side con-
siders the utility of a single case which thus corresponds to a sure wealth equivalent
to the left-hand side’s numerous cases: it is called the certainty equivalent of the
expected utility, Cy (A; @). What we have to do is derive, in the context of exponen-
tial families, the expressions of U, Py, and Cy in (15.23).

First, we adopt the usual landmarks that yield U [9, 23]. Consider the following
Taylor approximations of the utility function around reward’s expectation:
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UW") ~ UEy~p, [w'])

+ (W = Egymp [0 x %U(x)

*=Ey~p, [wF]

WF —Ey~p,[wfD? 52

2 X WU()C) x:Ewwp sy[w[:] ’
(15.24)
UEy~p, (0] = Py(A; @)  UEy~p, [w'])
—Py(A; ©) x 2U(x) (15.25)
ox

x=EW”Pw [wf]

If we take expectations of (15.24) and (15.25), simplify taking into account the
fact that Ey~ , [w” — Ey~p, [w?]] = 0, and match the resulting expressions using
(15.23), we obtain the following approximate expression for the risk premium:

—1
x:Ewpr [wF])

(15.26)

1
Py(A; @) ~ zVarWN‘,,w[wF ]

2

X q— WU(X)

(EU()C)
x:EWNPw [wF] Ox

r(Pv‘;)

Thus, approximation “in the small” of the risk premium makes it proportional to
the variance of rewards and function r(py), which is just, in the language of risk
aversion, the Arrow—Pratt measure of absolute risk aversion [9, 23]. This expression
for the risk premium is obviously not the one we shall use: its purpose is to shed light
on the measure of absolute risk aversion, and derive the expression of U, as shown
in the following Lemma.

Lemma 3. r(py) = k, a constant matrix iff one of the following conditions holds
true:

[U(") =X if k=0 (15.27)

U(x) = —exp(—ax) for some a € R, (otherwise)

The proof of this Lemma is similar to the ones found in the literature (e.g. [9], Chap. 4).
The framework of Lemma 3 is that of constant absolute risk aversion (CARA) [9],
the framework on which we focus now, assuming that the investor is risk-averse.
This implies k # 0 and @ > 0; this constant a is called the risk-aversion parameter,
and shall be implicit in some of our notations. We obtain the following expressions
for Cy, and Py,.
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0.
0.
0.
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oo00o0fPaLn
ORNEDE®=2N B OO

30000
~ 20000
T 10000 @

¢ = log(1 + exp(z)) (*) ¢ = —log(z)
Fig. 15.1 Risk premia for various choices of generators, plotted as functions of the risk aversion
parameter @ > 0 and parameter £ € [0, 1] which modifies the natural market allocation (see text

for the details of the model). Generators are indicated for each premium; see Table 15.1 for the
associated Bregman matrix divergences. Symbol (%) indicates plots with logscale premium

Theorem 1. Assume CARA and p, defined as in (15.18). Then, the certainty equiv-
alent and the risk premium associated to the portfolio are respectively:

1
Cy(A; @) = —(1(O) — ¥(O@ —aA)), (15.28)
Py(A; @) = 21),,}(@ —aA|@®). (15.29)

Proof We first focus on the certainty equivalent. We have:

By [U@F)] = / —exp (Tr (W(@ — aA)T) - q/;(@)) b(W)dW
= —exp (Y(O@ — aA) — (0O))
x / exp (Tr (W(@ _ aA)T) — (O — aA)) b(W)dW . (15.30)

=1
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But we must also have from (15.23) and (15.27): Ey~ ), [U(wH] = — exp (—acw
(A; W)). This identity together with (15.30) brings us expression (15.28). Now, for
the risk premium, (15.23) brings:

Py(A; @) = Ey oy, [UWN)] = Cp(A; W)

= Tr (Avg(@)) — Cp(A; W)
- % (z/;(@ —aA) — (@) + Tr (aAVg(@)))

1
= ~Dy(© —aA|©®), (15.31)
e

as claimed, where (15.31) uses the fact that Ey, ~ Po [UwH] = Eg~p, [Tr (AWT)] =
Tr (AVJ}(@)) from (15.21).

The following Lemma states among all that Theorem 1 is indeed a generalization
of the mean-variance approach (proof straightforward).

Lemma 4. The risk premium satisfies the following limit behaviors:

lim P, (A; @) = 0,
a—0

lim Py(A; @) =0,
A—)FZ

where —  denotes the limit in Frobenius norm. Furthermore, when py, is a multi-
variate Gaussian, the risk premium simplifies to the variance premium of the mean-
variance model:

Py(A; ©) = %diag(A)TEdiag(A),

where diag(.) is the vector of the diagonal entries of the matrix.

One may use Lemma 4 as a sanity check for the risk premium, as the Lemma
says that the risk premium tends to zero when risk aversion tends to zero, or when
there is no allocation at all. Hereafter, we shall denote our generalized model as
the mean-divergence model. Let us illustrate in a toy example the range of premia
available, fixing the dimension to be d = 1,000. We let A and @, be diagonal,
where A denotes the uniform allocation (A = (1/d)I), and @, depends on real

€ € [0, 1], with:
1—e¢ if i=1,
Oii =1 < otherwise °
a1

Thus, the natural market allocation shifts in between two extreme cases: the one in
which the allocation emphasizes a single stock (¢ = 0), and the one in which it is uni-
form on all but one stocks (¢ = 1), admitting as intermediary setting the one in which
the natural market allocation is uniform (¢ = (d — 1)/d). Risk premia are compared
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0

(%) ¥ = zlog(z) —

Fig. 15.2 More examples of risk premia. Conventions follow those of Fig. 15.1

against the mean-variance model’s in which we let X' = I. The results are presented
in Figs. 15.1 and 15.2. Notice that the mean-variance premium, which equals a/(2d),
displays the simplest behavior (a linear plot, see upper-left in Fig. 15.1).

15.4 On-line Learning in the Mean-Divergence Model

As previously studied by [14, 26] in the mean-variance model, our objective is now
to track “efficient” portfolios at the market level, where a portfolio is all the more effi-
cient as its associated risk premium (15.28) is reduced. Let us denote these portfolios
reference portfolios, and the sequence of their allocation matrices as: Qg, Oy, .. ..
The natural market allocation may also shift over time, and we denote @, @1, ...
the sequence of natural parameter matrices of the market. Naturally, we could sup-
pose that O, = @y, Vt, which would amount to tracking directly the natural market
allocation, but this setting would be too restrictive because it may be easier to track
some Oy close to @, but having specific properties that @, does not have (e.g. spar-
sity). Finally, we measure risk premia for references with the same risk aversion
parameter a as for the investor’s.
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To adopt the same scale for allocation matrices, all shall be supposed to have
r-norm upperbounded by ¢, for some user-fixed £ > 0 and r > 0. Assume for
example r = 1: after division by £, one can think such matrices as representing the
way the investor scatters his/her wealth among the d stocks, leaving part of the wealth
for ariskless investment if the trace is < 1. The algorithm we propose, simply named
A, uses ideas from Amari’s natural gradient [ 1], to progress towards the minimization
of the risk premium using a geometry induced by Bregman—Schatten p-divergence.
To state this algorithm, we abbreviate the gradient (in A) of the risk premium as:

Ve, (A; @) = Vy(0) — V3 (O —aA)

(the risk aversion parameter a shall be implicit in the notation). Algorithm A ini-
tializes the following parameters: allocation matrix Ag = Z, learning parameter
1 > 0, Bregman—Schatten parameter ¢ > 2, and renormalization parameters £ > 0
and r > 0; then, it proceeds through iterating what follows, fort =0, 1,...,7 — 1:

e (Premium dependent update) Upon receiving observed returns W;, compute @,
using (15.21), and update portfolio allocation matrix to find the new unnormalized
allocation matrix, A;‘ i

Ay < Vs (Vosou, (A) + 1a(se] = Ve, (A ©)))
At

= Vo0, (Voyoty (A) +1a40), (1532)

vVt > 0, with s; > 0 picked to have A; positive definite. Lemma 1 implies the
equality in (15.32).
e (Normalize) If HA”

‘ol
ALy

’r > { then Ay <« (Z/ ”Al"Jrl ”r) A;‘H, else Ajpp <«

We make the following assumption regarding market evolution: the matrix diver-
gence or the risk premium is convex enough to exceed linear variations up to a small
constant 6 > 0 (we let (i) denote this assumption):

30 > 0:Vt > 0, Dd)(@t — aOt||@, — ClA[) > 1) + StTr ((@1‘ - (lOt) — (@1‘ — (lAt))
=) + aS,Tr (At — 01) (i)

Let us denote
U={A,Vi}U{ > Aj Vt>0}

0<j<t

This is the set of premium dependent updates, and all its elements are SPD matrices.
We let A\, > 0 denote the largest eigenvalue in the elements of U, and p, > 1 their
largest eigenratio, where the eigenratio of a matrix is the ratio between its largest
and smallest eigenvalues. We let T denote the set of indexes for which we perform
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15 Mining Matrix Data with Bregman Matrix Divergences 387
renormalization. Finally, we let

ve =minfl, _min ¢/ |A{])) > 0),

which is 1 iff no renormalization has been performed. The following Theorem states
that the total risk premium incurred by A basically deviates from that of the shifting
reference by no more than two penalties: the first depends on the total shift of the
reference, the second depends on the difference of the Schatten p-norms chosen for
updating and renormalizing.

Theorem 2. Pick

. 1 Y
<Ny < .
LAtttV ag =D

Then, Algorithm A satisfies:

T—1 T—1
D Pi(A @) < D P05 0))
t=0 =0

T-1 2

1 lg=rl|

+ 77 (b ||0T||3 + b 2 10141 = Oll, + |T|22 |:d = 1] ) (15.33)
¢ 1=0

Here, b = 1 iffr <qandb = dr’f;rq otherwise.

Proof sketch: The proof makes an extensive use of two matrix inequalities that we
state for symmetric matrices (but remain true in more general settings):

D=

1
LI, d7 7 <|Llg < |Ll,. YLeR™ VB>y>0; (1534
Tr (LN) < ||IL||5 INJl;, VL,N e R?*¢ v3, yHolder conjugates.  (15.35)
The former is a simple generalization of g-norm vector inequalities; the second is

Holder’s matrix inequality. Following a general well-oiled technique [15], the proof
consists in bounding a measure of progress to the shifting reference,

0t = Dg,o1, (OrllAr) — Doy, (Or4111As11). (15.36)

To take into consideration the possible renormalization, we split the progress into
two parts, d;.1, & 2, as follows:
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6t = Dg,ou, (Ot Ar) = Dy oy, (Or|Af )

0.1

+ Do, (O AY, ) — D oy, (Ors1[1Ar11) - (15.37)

5:,2

We now bound separately the two parts, starting with &; 1. We have:

01 =naTr (O — ADA;) — D¢q01/)q (A,||A';+1)

= ”; Tr (@) — aA;) — (O, — a0,)) (V4(O, — aA,) — V ,(0))))

T

+1as:Tr (O — Ar) — Dy, oy, (Ar| AL ). (15.38)
The following Bregman triangle identity [19] holds true:
T =Dy(0;—a0;||@;—aA)+Dy(O;—aA||@;)—Dy(@;—a0]@,). (15.39)
Plugging (15.39) in (15.38) and using assumption (i) yields:
i1 > % [Dy(©, — aA,|@,) — Dy(O@, —a0,]©,)}
=Dy, op, (ArllAY ) + %5. (15.40)

Lemma 5. The following bound holds for the divergence between successive
updates:

_2 _
(g — D2d" " (1407 )" 2 22

D¢q01/)q (At ”A?Jr]) 3 2

(15.41)

Proof Plugging L = A; and N = A/, | in Lemma 1 (ii), and using (15.32), we get:

Dy, o0, AIAL ) = Dy op, (Vo (A + 1A | Vo,op, (AD)  (15.42)

L N

We now pick L and N as in (15.42), and use them in (15.13) (Lemma 2), along with
the fact that ¢ > 2 which ensures that ¢, is concave. There comes that there exists
some « € [0, 1] such that:
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(Dgyov, (Vg o, (Ar) + 10 ADIIV g0, (Ar))

2 2
Na 0 2 o
<= - Pq(x) Tr| A7 —,(x)
2 ox ! i (Vq’)qowq(At)) ( tgx2 e v,
(4~ D2 _ )
- : 2 = ”V‘bqowq (A’)Hz I Tr (At2 [Uql? 2) ) (15.43)

with Uy = Vg, oy, (Ay) + angA;. We now use (15.35) with 8 = ¢g/(¢ — 2) and
v = ¢q/2, and we obtain Tr (A,2 |Ua|q_2) < ||Ua||3772 ||A,||2, which, using (15.43),
yields the following bound on the divergence of A, with respect to A, :

Dy, o, (Al|Ary1) <

(g — D2 24 -
L V00, A0 2 MUl A

-2
(¢ =D US4
2

= (15.44)

—(g=2)2 q=2"
1A,

g—1
Al
q

We now work on [[Uqll,. Let v denote an eigenvalue of Uy, and Vg oy, (Ar) =

PDP' the diagonalization of V¢, 0u, (Ar). Bauer-Fike Theorem tells us that there
exists an eigenvalue o of V oy, (A) such that:

v =l < analel IPIF [PT[ V0,00, 407" A,

= analel [Vo,er, A7 A (15.45)

F

because P is unitary. Denoting {v; }le the (possibly multi-)set of non-negative eigen-
values of U,, and { gi}?zl that of V4 oy, (A;), there comes from (15.45) that there
exists f : {1,2,...,d} = {1,2,...,d} such that:

d % d é
ity = (21) = (e o oo, ) (S0
i=1 i=1

1 _
= di (14 | Voyor, A7 A| ) [Vayon, 0]
-1
1 _ AN
— di (1+770 Y gou, (A1) lAtH )% (15.46)
711 Allg

Putting (15.46) into (15.44) yields:
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— a7 (1 v A AL AR
(g —Dmgd "7 (147 |Vo,ou, A7 A ) 1147

Dy, o, (Arl|A41) < >

q—2
-1
A%

—HA?_I H (15.47)
q

We now refine this bound in three steps. First, since || A; ||g;1 < H A?fl

, the factor
q

after the times is < 1. Sgcond, let us denote v, < v, < 1 the multiplicative factor by
which we renormalize A . Remarking that Vg oy, (xL) = [x[V g, oy, (L), Vx €
R,

and using Lemma 1, we obtain:

Vigov, A) = Von, (Vi-1V 6,00, (Voon, (Aim1) +1aA:-1))
= V-1V g 00, (Ar—1) + Navi As—1

i—1 t—1 [1—1
= H vj VfDquq (A0) + 7 Z H Vi Aj
0 =0 \k=/

> Navi—14-1 = Z,

where N > M means N — M is positive semi-definite. The rightmost inequality
follows from the fact that the updates preserve the symmetric positive definiteness of
As+1. We get V%qu (At)_1 < na_lﬁt__llAt__ll, which, from Lemma 2 in [25], yields
Na | Vogor, A7 A, < v ” Al A ”F < v ps < v py. Third and last,
A¢ll; < A« Plugging these three refinements in (15.47) yields the statement of the
Lemma.

Armed with the statement of Lemma 5 and the upperbound on 7),, we can refine
(15.40) and obtain our lowerbound on §; 1 as:

o1 = Z—a {Dy(©; —aA|©)) — Dy(O, —a0,]©))}. (15.48)

We now work on §; ». We distinguish two cases:

Case 1 ”Al" 1 Hr < ¢ (we do not perform renormalization). In this case, A;11 =
A;’H. Using (15.35) with 8 = ¢, v = q/(q — 1) which brings

Tr (LV 00, (Ars1)) < LI, A1, .

we easily obtain the lowerbound:
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D¢qowq (O ||At+1) D, 01, (Or4111As11)
25 10415 = 5 ||0t+1||§ — 1041 = Ol A1l - (15.49)
Case 2 HAI 1 || > ¢ (we perform renormalization). Because the reference matrix

satisfies [|O;|l, < ¢, renormalization implies [|O;|l, < [|A;+1ll,. This inequality,
together with (15.34), brings:

lg=r]
10y < A1l d o .

Using the shorthands:

(€ (0, 1)),

Uiyl =
" ||A,+1 I,

lg=rl
v=2d7 (=2),

glry) = L0
X

and one more application of (15.35) as in Case 1, we obtain:

Do, (Or1AY 1) = Dosyo, (Or111Ar1)

1 2 1 2
= 5 1017 = 5 10411

+v—1 1
I/l 9
2 AR v —

1) JA112 = 10041 — Ol [1Ass1ll, - (15.50)

We are now in a position to bring (15.49) and (15.50) altogether: summing for
t=0,1,..., T —1(15.37) using (15.48) and (15.50), we get:

Dy, o5, (00l A0) — Doy, (O7[IAT) = D6,

T-1 T-1
>0 D Pp(Ar @) — g D Py(0;: ©))

=0 =0

T—-1

1 1
+5 10015 = 5 10715 = >~ 10141 = Ol A1l

t=0
v—1 1
T Zg(””v—l

) 1A (15.51)
teT

where we recall that T contains the indexes of renormalization updates. Because
g(x,y) = —(1 — y)?/(4y), the following lowerbound holds:
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1 v—2
) > — ,Vt e T.
g(utv—l)_ 4

There remains to plug this bound into (15.51) and simplify a bit further to obtain the
statement of the Theorem. O

The bound in Theorem 33 shows that the sum of premia of algorithm .4 is no larger
than the sum of premia of any sequence of shifting references plus two penalties:
the first depends on the sequence of references; the second (the rightmost term in
(15.33)) is structural as it is zero when ¢ = r. Both penalties are proportional to /a:
they are thus sublinear on the risk aversion parameter. This is interesting, as one
can show that the risk premium is always superlinear in a, with the exception of
Markowitz’ mean-variance model for which it is linear (see Fig. 15.1). Hence, the
effects of risk aversion in the penalty are much smaller than in the premia. Finally,
we can note that if small premia are achieved by reference allocations with sparse
eigenspectra and that do not shift too much over periods, then the premia of 4 shall
be small as well.

15.5 Experiments on Learning in the Mean-Divergence Model

We have made a toy experiment of A over the d = 324 stocks which belonged to the
S&P 500 over the periods ranging from 01/08/1998 to 11/12/2009 (1 period = 1 week,
T = 618). Our objective in performing these few experiments is not to show whether
A competes with famed experimental approaches like [5]. Clearly, we have not tuned
the parameters of A to obtain the best-looking results in Fig. 15.3. Our objective is
rather to display on a real market and over a sufficiently large number of iterations
(i) whether the mean-divergence model can be useful to spot insightful market events,
and (ii) wether simple on-line learning approaches, grounded on a solid theory, can
effectively track reduced risk portfolios, obtain reasonably large certainty equiva-
lents, and thus suggest that the mean-divergence model may be a valuable starting
point for much more sophisticated approaches [5]. Figure 15.3 displays comparisons
between A and the Uniform Cost Rebalanced Portfolio (/CRP), which consists
in equally scattering wealth among stocks. The Figure also displays the Kullback—
Leibler divergence between two successive portfolios for 4 (this would be zero for
UCTRP): the higher the divergence, the higher the differences between successive
portfolios selected by .A. We see from the pictures that .A manages significant varia-
tions of its portfolio through iterations (divergence almost always > 0.05), yetit does
turn like a weather vane through market periods (divergence almost always < 0.3).
The fact that market accidents make the divergence peak, like during the subprime
crisis (T > 500), indicate that the algorithm significantly reallocates its portfolio
during such events. As shown in the Figure, this is achieved with certain success
compared to the UCRP. Figure 15.4 displays risk premia for A when shifting from
Markowitz’ premium to that induced by the logdet divergence, a premium which dis-
plays by far the steepest variations among premia in Figs. 15.1 and 15.2. Figure 15.4
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Fig. 15.3 Up Comparison 2
of cumulated returns minus
premia (certainty equivalents)
for A (bold lines) versus
the Uniform Cost Rebal-
anced Portfolio (UCRP, thin
lines). Parameters for the
algorithms are: a = 100,
r=€0=1,¢q=2.1,17=100,
premium divergence =
Mahalanobis. Down
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displays the relevance of the generalized mean-divergence model. Changing the pre-
mium generator may indeed yield to dramatic peaks of premia that can alert the
investor on significant events at the market scale, like in Fig. 15.4, for which the
tallest peaks appear during the subprime crisis.
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Fig. 15.4 Premia for A, with 9e+09 T
a=100,r =¢=1,q =4, A
n = 100, premium divergence 8e+09 7
= logdet (Table 15.1). See text
for details 7e+09 [ h
6e+09 T
o
g 56+09 - .
o
-_z) 4e+09 [ b
3e+09 T
2e+09 T
1e+09 [ l I I m 1
0 ‘ ‘ ‘ ‘
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15.6 Discussion

In this section, our objective is twofold. first, we drill down into the properties of our
divergences (15.2), and compare them to the properties of other matrix divergences
based on Bregman divergences published elsewhere. Second, we exploit these prop-
erties to refine our analysis on the risk premium of our mean-divergence model.
Thus, for our first goal, the matrix arguments of the divergences are not assumed to
be symmetric anymore.

Reference [13] have previously defined a particular case of matrix-based diver-
gence, which corresponds to computing the usual p-norm vector divergence between
spec (L) and spec (N). It is not hard to check that this corresponds to a particular
case of Bregman—Schatten p-divergences in the case where one assumes that L. and
N share the same transition matrix. The qualitative gap between the definitions is
significant: in the case of a general Bregman matrix divergences, such an assumption
would make the divergence separable, that is, summing coordinate-wise divergences
[11]. This is what the following Theorem shows. We adapt notation (15.4) to vectors
and define & the vector with coordinates V. (u;). We also make use of the Hadamard
product - previously used in Table 15.1.

Theorem 3. Assume diagonalizable squared matrices L and N, with their diago-
nalizations respectively denoted:

L=P D P

N =P.D.P_"
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Denote the (non necessarily distinct) eigenvalues of L (resp. N) as: X\, A2, ..., A\d
(resp. v1, 12, ..., Vq), and the corresponding eigenvectors as: 11,12, ..., 1 (resp.
ny,ny, ..., ng). Finally, let X = diag(D,), v =diag(Dy) and

My, =P P, VXY e(L N},
- -1 T
Hy,=0_,-1T_,.
Then any Bregman matrix divergence can be written as:

d
Dy(L|IN) = ZDw(Aillw) + AT —Hy )0+ v (Hyy— Do, (1552)
i=1
If, in addition, N is symmetric, (15.52) becomes:
d
Dy(LIIN) = > Dy(Nillv) + AT — Hy )P, (15.53)
i=1

If, in addition, L is symmetric, (15.53) holds for some doubly-stochastic H  ; . If; in
addition, L and N share the same transition matrices (P, = Py), (15.53) becomes:

d
Dy(L|IN) = >~ Dy(\ill). (15.54)
i=1

Proof Calling to (15.1) and using the general definition of (15.2), we get:

Dy(LIIN) =Tr [ D"ty kLX) = Tr [ D 10N ) = Tr [ D1y, (L - N)(NTH
k=0 k=0 k=0
Introducing the diagonalization, we obtain:

Dy(L|IN) = Tr [ P, th’kn’; P ') —Tr [P ZLMD’; P!
k>0 k>0

—Tr (LD v, s (NDF | +Tr [ ND 19, k) (NDF

k=0 k=0
a b
d d
=D PO = D W) —a+b, (15.55)
i=1 i=1
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Now, using the cyclic invariance of the trace and the definition of Hy , , we get:

a=Tr[PDP '@ D r9,4DE | PL
k=0

_ -1 k
=Tr (DI | D tv,4DE | Oy,
k>0

d d
- Z N (Yo = ATH . (15.56)
i=1 j=1

Here, we have made use of m;;, the general term of IT ; , and (7= by, - the general
term of H;IL = PL_l (PII)_1 = PL_1 (P;I)T. Using the same path, we obtain:

b="Tr [PDP T Z%,kl)ﬁ Pl
k>0

=Tr [ DGTL [ D 1w, uDf | My | = v Hy 2. (15.57)
k=0

Plugging (15.56) and (15.57) in (15.55) yields:

d d
Dy(LIIN) = D (\) — D @) + v Hy o — ATHy &

i=1 i=1

d
Z DyOillv) + AT — v 1o + v THy (& — ATH, &
i=1

DyO\illv) +ATA —Hy )7+ v (Hyy — Dy,  (15.58)

Il
M=

1

as claimed. When N is symmetric, we easily get Hy ; = I, and we obtain (15.54).
If, in addition, N is symmetric, both transition matrices P; and Py are unitary.
In this case, m;; = llTnj = (m_l)ji, and so g;; = (llTnj) = cos?(l;, nj) =
gji = 0, which yields Z?:l qij = 27:1 cos’(l;,n;) = 1, and so Hy , is doubly
stochastic. To finish up, when, in addition, L and N share the same transition matrices,
we immediately get Hy ; = I, and we obtain (15.54). O

Hence, Dy, (L||N) can be written in the form of a separable term plus two penalties:
Dy (L|IN) = Zf.l:l Dy (Nillv;) + p1+ pa, where py = IJT(HN,N —I)v is zero when
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N is symmetric, and py = AT (I — Hy,,)¥ is zero when L and N are symmetric and
share the same transition matrices.

The definition of Bregman matrix divergences makes quite a large consensus, yet
some variations do exist. For example, [12, 16] use a very particular composition
of two functions, ¢ o 1, in which ¢ is actually the divergence generator and 1 lists
the eigenvalues of the matrix. In this case, (15.52) would be replaced by (writing for
short H instead of Hy ; hereafter):

Dy(L|IN) = Tr (D,H), (15.59)

where Dy, is the divergence matrix whose general (i, j) term is Dy, (A;||v;). Let us
compare (15.59) to (15.53) when both arguments are symmetric matrices — which
is the case for our finance application —, which can be abbreviated as:

Dy(L|IN) = Tr (Dy) + AT (I — H)D. (15.60)

We see that (15.60) clearly separates the divergence term (D) from an interaction
term, which depends on both the eigenvectors (transition matrices) and eigenvalues:
AT (I —H)&. If we move back to our generalization of the mean-variance model, we
have L = @ — aA and N = @ (O and A are symmetric). Adding term aA to @
possibly changes the transition matrix compared to @, and so produces a non-null
interaction term between stocks. Furthermore, as the allocation A gets different from
the natural market allocation @, and as the risk aversion a increases, so tends to do
the magnitude of the interaction term. To study further its magnitude, let us define:

s=[I-H|g. (15.61)

We analyze ¢ when the risk term aA remains sufficiently small, which amounts to
assuming reduced risk premia as well. For this objective, recalling that both ® and
A are SPD, we denote their eigensystems as follows:

OT = TD, (15.62)
(@ —aA)V = VD', (15.63)

where the columns of T, (resp. V) are the eigenvectors and the diagonal elements
of diagonal matrix D (resp. D’) are the corresponding eigenvalues. The geometric
multiplicity of eigenvalue d;; is denoted g(d;; ). We say that the first-order shift setting
holds when the second-order variations in the eigensystem of @ due to the shift aA
are negligible, that is, when:

aAV-T)~(V-T)D' -D)~(V-T)(V-T) ~ Z. (15.64)

Lemma 6. Under the first-order shift setting, the following holds true on the eigen-
systems (15.62) and (15.63):
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diag(D' — D) = —adiag(T " AT) (15.65)
V-T=TB, (15.66)

with B a matrix whose general term b;j satisfies:

0 if(g(dii) > 1) v (g(djj) > 1) v (i = j)
bij = atITAtj h . (1567)
m otherwise

Here, t; is the eigenvector in column i of T, and d;; its eigenvalue.

Proof sketch: The proof stems from standard linear algebra arguments [24].
We distinguish two cases:

Case 1 all eigenvalues have geometric multiplicity g(.) = 1. Denote for short
V=T+ Aand D' =D + A. We have:

(@ —aA)V = VD
& @A —aAT — aAA = TA + AD + AA
& @A —aAT = TA + AD,

where we have used the fact that @ T = TD, aAA ~ Z and AA ~ Z. Because of
the assumption of the Lemma, the columns of T induce an orthonormal basis of RY,
so that we can search for the coordinates of the columns of A in this basis, which

means finding B with:
A =TB. (15.68)

Column i in B denotes the coordinates of column i in A according to the eigenvectors
in the columns of T. We get

©OTB — aAT = TA + TBD
& TDB — aAT = TA + TBD
< T'TDB — aT'AT = T'TA + T'TBD
< DB —aT AT = A + BD,

A =DB —BD —aT'AT. (15.69)
We have used the following facts: @T = TD and T'T = I (TT = T~! since @ is
symmetric). Equation (15.69) proves the Lemma, as looking in the diagonal of the

matrices of (15.69), one gets (because D is diagonal):

diag(A) = —adiag(T' AT), (15.70)
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which gives us the variation in eigenvalues (15.65), while looking outside the diagonal
in (15.69), one immediately gets matrix B (15.66) as indeed (15.69) becomes in this
case for row i, column j:

O=d,'l‘bij—djjb,'j—atITAtj. (15.71)

When d;; # dj;, this leads to (15.67), as claimed.

Case 2 some eigenvalues have geometric multiplicity greater than one. Assume now
without loss of generality that g(dkr) = 2, with dgy = dj;, forsome 1 <k #1 <d.
(15.71) shows that t,jAtl = tlTAtk = 0, which implies that A projects vectors into
the space spanned by eigenvectors {#;};+x ;, so that {#;, ¢;} generates the null space
of A. Pickingi = k,lor j =k, lin(15.71) implies Vi, j # k, [ : byj = bjj = bjx =
bi; = 0. Hence, in columns k or /, B may only have non-zero values in rows k or /.
But looking at (15.70) shows that \ix = Ay = 0, implying d;, = dix = dy = d;.
It is immediate to check from (15.63) that ¢4 and ¢; are also eigenvectors of @ — aA.
To finish-up, looking at (15.68) brings that if the remaining unknowns in columns k
or [ in B are non-zero, then #; and ¢; are collinear, which is impossible. O

Armed with this Lemma, we can prove the following Theorem, in which we
use the decomposition A = Zf.l:l aiaiaiT, where a; denotes an eigenvalue with
eigenvector a; .

Theorem 4. Define ¢(@) > 0 as the minimum difference between distinct eigenval-
ues of ©, and d* the number of distinct eigenvalues of ©. Then, under the first-order
shift setting, the following holds on ¢ (15.61):

By RGNS 4 (15.72)
=T e ' '

Proof sketch: We denote v; the eigenvector in column i of Vin (15.63). The general
term of VT in row i, column jis: vth j» but it comes from the definition of B
in (15.68) that v; = ¢; + >, bxit, which yields vith = b?i if i # j(and 1
otherwise); so:

fwm o),
= BBl

4
> at] At
dii —dj; )

(i, j)

where 7(i, j) is the Boolean predicate (g(d;;) = 1) A (g(dj;)) = DA G # J).
We finally get:
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4
¢ < Z LtTAt'
R G
(i, J)
a d )
< D =D altarllat|
— ¢(O)
w(i,j) k=1
a d !
< D =D allaligllall- | .
— ¢(O)
w(i,j) k=1

by virtue of Holder inequality (¢, r < 00), using the fact that T is orthonormal.
Taking g = r = 2 and simplifying yields the statement of the Theorem.

Notice that (15.72) depends only on the eigenvalues of @ and A. It says that as
the “gap” in the eigenvalues of the market natural allocation increases compared
to the eigenvalues of the investor’s allocation, the magnitude of the interaction term
decreases. Thus, the risk premium tends to depend mainly on the discrepancies (mar-
ket vs investor) between “spectral” allocations for each asset, which is the separable
term in (15.52).

15.7 Conclusion

In this paper, we have first proposed a generalization of Markowitz’ mean-variance
model, in the case where returns are not supposed anymore to be Gaussian, but
are rather distributed according to exponential families of distributions with matrix
arguments. Information geometry suggests that this step should be tried [2]. Indeed,
because the duality collapses in this case [2], the Gaussian assumption makes that
the expectation and natural parameter spaces are identical, which, in financial terms,
represents the identity between the space of returns and the space of allocations.
This, in general, can work at best only when returns are non-negative (unless short
sales are allowed). Experiments suggest that the generalized model may be more
accurate to spot peaks of premia, and alert investors on important market events.
Our model generalizes one that we recently published, which basically uses plain
Bregman divergences on vectors, which we used to learn portfolio based on their
certainty equivalent [20]. The matrix extension of the model reveals interesting and
non trivial roles for the two parts of the diagonalization of allocations matrices in the
risk premium: the premium can indeed be splitinto a separable part which computes a
premium over the spectral allocation, thus being a plain (vector) Bregman divergence
part like in our former model ([20]), plus a non separable part which computes an
interaction between stocks due to the transition matrices. We have also proposed in
this paper an analysis of the magnitude of this interaction term.
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Our model relies on Bregman matrix divergences that we have compared with
others that have been previously defined elsewhere. In the general case, not restricted
to allocation (SPD) matrices, our definition presents the interest to split the divergence
between a separable divergence, and terms that can be non-zero when the argument
matrices are not symmetric, or do not share the same transition matrices.

We have also defined Bregman matrix divergences that rely on functional compo-
sition of generators, and obtained a generalization of Bregman matrix divergences
for g-norms used elsewhere [13]. We have shown that properties of the usual g-norm
Bregman divergences can be generalized to our so-called Bregman—Schatten diver-
gences. We have also proposed an on-line learning algorithm to track efficient portfo-
lios in our matrix mean-divergence model with Bregman—Schatten divergences. The
algorithm has been devised and analyzed in the setting of symmetric positive def-
inite matrices for allocations. The algorithm generalizes conventional vector-based
g-norm algorithms. Theoretical bounds for risk premia exhibit penalties that have
the same flavor as those already known in the framework of supervised learning [15].
Like most of the bounds in the supervised learning literature, they are not directly
applicable: in particular, we have to know v, beforehand for Theorem 2 to be applica-
ble, or at least a lowerbound v, (hence, we would typically fix v>1 > 1).

From a learning standpoint, rather than finding prescient and non adaptive strate-
gies like in constant rebalanced portfolio selection [10], on-line learning in the mean-
divergence model rather aims at finding non prescient and adaptive strategies yielding
efficient portfolios. This, we think, may constitute an original starting point for fur-
ther works on efficient portfolio selection, with new challenging problems to solve,
chief among them learning about investor’s risk aversion parameters.
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